Mutually Permutable Products of Finite Groups  by Ballester-Bolinches, A. et al.
Ž .Journal of Algebra 213, 369]377 1999
Article ID jabr.1998.7653, available online at http:rrwww.idealibrary.com on
Mutually Permutable Products of Finite Groups
A. Ballester-Bolinches and M. D. Perez-RamosÂ
Department d’Algebra, Uni¤ersitat de Valencia, CrDoctor Moliner 50, 46100 Burjassot,Á
Valencia, SpainÁ
E-mail: Adolfo.Ballester@uv.es, Dolores.Perez@uv.es
and
M. C. Pedraza-Aguilera
Departamento de Matematica Aplicada, Uni¤ersidad Politecnica de Valencia,Â Â Á
Camino de Vera, srn, 46071 Valencia, SpainlÁ
E-mail: mpedraza@mat.upv.es
Communicated by George Glauberman
Received May 12, 1997
1. INTRODUCTION
w xThis paper concerns questions arising out of Baer 2 , Asaad and
w x w x w xShaalan 1 , and Carocca 4 . It is shown in 2 that a finite group G which
is the product of two normal supersoluble subgroups is supersoluble if and
X w xonly if G is nilpotent. Asaad and Shaalan 1; Theorem 3.8 proved the
following generalization of Baer's result:
Assume that a finite group G is the product of the supersoluble subgroups H
and K. Assume further that GX is nilpotent. If H permutes with every subgroup
of K and K permutes with every subgroup of H, then G is supersoluble.
They also prove an analogous result by considering K nilpotent instead of
X Ž . w xG nilpotent Theorem 3.2 . Later, Carocca 4 presented extensions of the
preceding result considering p-supersolubility instead of supersolubility.
w xFollowing Carocca 4 , we say that the subgroups H and K of a group G
are mutually permutable if H permutes with every subgroup of K and K
permutes with every subgroup of H. If G s HK and H and K are
mutually permutable, we say that G is the mutually permutable product of
the subgroups H and K.
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This paper focuses attention on the study of finite mutually permutable
products and it can be considered as a continuation of the previously
mentioned papers. We show here that supersoluble residual respects the
operation of forming mutually permutable products under some restric-
tions.
It is well known that the class U of all finite supersoluble groups is a
formation. This means that if a finite group G is supersoluble and N is a
normal subgroup of G, then GrN is supersoluble and if M and N are two
Ž .normal subgroups of a finite group G, then Gr M l N is supersoluble
provided that GrM and GrN are supersoluble. Consequently, every finite
group G has a smallest normal subgroup with a supersoluble quotient.
This subgroup is called supersoluble residual of G and it is denoted by
GU. It is clear that GU is epimorphism-invariant and so it is a characteris-
Ž w x .tic subgroup of G see 5; II, 2.4 for details . Our results can be
summarized as follows:
Let the finite group G s HK be the mutually permutable product of the
subgroups H and K. Assume that one of the following conditions is
satisfied:
Ž . Xa K is supersoluble and G is nilpotent
Ž .b K is nilpotent.
Then GU s H U.
w xWhenever possible we follow the notation and terminology of 5 . All
groups considered are finite.
2. PRELIMINARY RESULTS
In this section, we collect some definitions and results that are needed
in the sequel.
DEFINITIONS. We say that a chief factor HrK of a soluble group G is
Ž . Ž .U-central in G if HrK is U-central in G, that is, GrC HrK g U p forG
all primes p dividing the order of HrK, where U denotes the canonical
definition of U ; HrK is U-eccentric otherwise. A maximal subgroup M of
Ž .G is called U-normal in G if GrCore M g U and is called U-abnormalG
otherwise. M is said to be U-critical in G if M is U-abnormal in G and
Ž . Ž .G s MF G , where F G is the Fitting subgroup of G.
Ž .1 A normal subgroup N of G is a U-hypercentral subgroup of G
provided N possesses a chain of subgroups 1 s N 1 N 1 ??? 1 N s N0 1 r} } }
such that N rN is a U-central chief factor of G. The product of alliq1 i
U-hypercentral subgroups of G is again a U-hypercentral subgroup, de-
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Ž . Ž w xnoted by Z G , and called the U-hypercenter of G see 5; IV, 6.8 forU
.details .
Ž . Žw x.2 5; V, 3.8 . A subgroup D of G is a U-normalizer of a group
Ž . Ž .soluble G if and only if either D s G or D satisfies i D g U and ii D
can be joined by G by a U-critical maximal chain, namely, a chain of the
form D s G - G - ??? - G - G s G, where G is a U-criticalr ry1 1 0 i
maximal subgroup of G for i s 1, 2, . . . , r.iy1
DEFINITION. Let G be a group and let A be a subgroup of G.
Ž .a A is said to be subnormal in G, if there exists a chain of
subgroups,
A s A 1 A 1 ??? 1 A s G.0 1 r} } }
Ž .b A is said to be quasi-normal in G, if A permutes with every
w xsubgroup of G. Theorem 7.2.1 of 6 shows that quasi-normality implies
subnormality. The subgroup generated by a noncentral involution of the
dihedral group of order 8 is a subnormal subgroup which is not quasi-nor-
mal.
DEFINITION. Let G be a group and let H and K be subgroups of G.
Ž .a We say that H and K are mutually permutable if H permutes
with every subgroup of K and K permutes with every subgroup of H.
Ž .b We say that H and K are totally permutable, if every subgroup
of H permutes with every subgroup of K.
Normal and totally permutable products are mutually permutable prod-
ucts. If G is the symmetric group of degree 4 and H is a Sylow 2-subgroup
of G and K is the alternating group of degree 4, then H and K are
mutually permutable but not totally permutable. In the following proposi-
tion, we gather the basic properties of mutually permutable products.
Žw x.PROPOSITION 1 4; 3.5 . Let the group G s HK be the product of the
mutually permutable subgroups H and K. Then:
Ž .a If H l K F X F H and H l K F Y F K, then X and Y are mutu-
ally permutable. In particular, if H l K s 1, then H and K are totally
permutable.
Ž .b H l K is a quasi-normal subgroup of H and K and then H l K is a
subnormal subgroup of G.
Žw x.PROPOSITION 2 3; Theorem A and Corollary . Let the group G s HK
be the product of the totally permutable subgroups H and K. Then H
centralizes K U, K centralizes H U, and GU s H UK U.
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The following result turns out to be crucial in the proof of our main
results.
w xPROPOSITION 3 7 . If Q is a quasi-normal subgroup of the finite group G,
G Ž . Ž Ž ..then Q rCore Q is contained in the hypercenter Z GrCore Q ofG ‘ G
Ž .GrCore Q .G
Remark. Let G s HK be a group such that H and K are mutually
permutable subgroups. For every normal subgroup N of G, we have that
HNrN and KNrN are mutually permutable subgroups of the group
Ž .Ž .GrN s HNrN KNrN and for every subgroup L of G such that
Ž .H F L or K F L , we have that L is the product of the mutually
Ž .permutable subgroups H and L l K or H l L and K .
3. PROOFS
We have thought it desirable to collect together the arguments common
Ž .to our main theorems. By a mutually permutable 3-tuple G, H, K we
mean an ordered sequence of groups where H and K are mutually
permutable subgroups of G such that G s HK.
Consider the class b composed of mutually permutable 3-tuples
Ž . XG, H, K such that either K is nilpotent or K is supersoluble and G , the
derived subgroup of G, is nilpotent. Suppose that we are trying to prove a
result of the following type:
Ž .Let G be a group and let G, H, K be a mutually permutable 3-tuple in
b. Then
GU s H U .
Assume the result is false. Then there exists a counterexample G of
Ž .minimal order. Consider a mutually permutable 3-tuple G, H, K in b
such that GU / H U. Then:
Ž . Ui G is an abelian p-group for some prime p. In particular, G is a
soluble group. Moreover, GU s H UN for each minimal normal subgroup
Ž . Ž .N of G and F G s O G .p
U U U ŽIt is clear that H is contained in G . We know that G / 1 because
U U .H F G / H . Let N be a minimal normal subgroup of G such that N
U Ž .is contained in G . Then GrN, HNrN, KNrN is a mutually permutable
Ž .U Ž .U3-tuple in b. Therefore GrN s HNrN by the minimality of G.
This means that GU s H UN. Let A be a minimal normal subgroup of G
such that A / N. By the earlier argument, we have GUA s H UA. So, if A
U U U Ž U . Uwere not contained in G , we would have G s H A l G s H , a
contradiction. Consequently, every minimal normal subgroup of G is
contained in GU and GU s H UN for every minimal normal subgroup
of G.
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Let D s H l K. Suppose that D s 1. Then G is a totally permutable
product of the subgroups H and K. So GU s H UK U s H U by Proposition
2, a contradiction. Therefore 1 / D and D is a subnormal subgroup of G
by Proposition 1.
Ž .If K is nilpotent, then D is contained in F G , the Fitting subgroup of
X X Ž .G and if G is nilpotent, then 1 / G is also contained in F G . So, in
Ž .both cases, we have that F G / 1. Let N be a minimal normal subgroup
Ž .of G contained in F G . Hence N is abelian. Suppose that N is contained
in H. Then N normalizes H U and so H U is a normal subgroup of GU.
U U Ž U .X UMoreover G rH is abelian. Therefore G is contained in H .
Ž U .X Ž U .XAssume that G / 1. Then N can be chosen to be contained in G
Ž U .X U U Ubecause G is a normal subgroup of G. This implies G s H N s H ,
Ž U .X Ua contradiction. Therefore in this case we have G s 1 and G is
abelian. Suppose now that N is not contained in H. Consider the sub-
group L s HN and suppose that L is a proper subgroup of G. Then
Ž .L, H, L l K is a mutually permutable 3-tuple in b by Proposition 1. By
the minimal choice of G, we have LU s H U. Then N normalizes H U and
U Ž U .X UG is abelian because G is contained in H . Consequently, we can
assume that G s L s HN. Because D is a subnormal subgroup of H, we
H w xhave that D s D D, H , the normal closure of D in H, is a nontrivial
H Ž .proper subgroup of H. If K is nilpotent, then D is contained in F G
X w x w xand if G is nilpotent, then D, H is nilpotent because D, H is con-
tained in GX.
w x Ž .Therefore, in both cases, we have D, H is contained in F G . In
w xparticular, D, H is a subnormal nilpotent subgroup of G. So N normal-
w x w x w xizes D, H by 5; A, 14.3 . Because D, H is a normal subgroup of H, it
w xfollows that D, H is a normal subgroup of G.
w x HSuppose D, H s 1. Then D s D is normalized by H and N. Hence
w xD is a normal subgroup of G. If D, H / 1, then it contains a minimal
normal subgroup of G. So, in both cases, there exists a minimal normal
subgroup NU of G such that NU is contained in H. Now we apply the
foregoing arguments and we conclude that GU is abelian. Let N be a1
minimal normal subgroup of G such that N is contained in GU. Then N1 1
is an elementary abelian p-group for some prime p. Because GU s H UN1
U U pŽ U . Uand G rH is a p-group, it follows that O G is contained in H .
pŽ U .Suppose O G / 1, then a minimal normal subgroup of G should be
pŽ U . pŽ U .contained in O G because O G is a normal subgroup of G. This
implies that GU s H U, a contradiction. Consequently, GU is an abelian
p-group for some prime p.
Ž . Uii G is contained in K.
Ž . U U UBecause by i G is abelian, we have that H is abelian. So H s H F
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U w xfor some supersoluble projector F of H and H l F s 1 5; IV, 5.18 .
U Ž . U Ž .Hence G s H FK s G FK .
Now X s FK is a subgroup of G because H and K are mutually
permutable subgroups of G. Denote L s FD, for D s H l K. Then
Ž . Ž .X s K X l H s K FD s KL. By Proposition 1, K and L are mutually
Ž .permutable subgroups of G. Consequently, X, L, K is a mutually per-
mutable 3-tuple in b.
Suppose that X is a proper subgroup of G. Then by the minimal choice
of G, it follows that X U s LU and then FK normalizes LU. Now L is
contained in H. So LU is contained in H U, which is abelian. This implies
that LU is a normal subgroup of G. If LU were different from 1, we would
have a minimal normal subgroup N of G contained in H U. Therefore,
GU s H UN s H U, a contradiction. Consequently L is supersoluble. Hence
X s FK s LK is a mutually permutable product of the supersoluble
subgroups L and K. Moreover either K is nilpotent or GX is nilpotent.
Ž .Consequently X, L, K is a mutually permutable 3-tuple in b. By our
choice of G, it follows that X is supersoluble. Now G s GU X. We can
w xapply then 5; III, 3.14 to conclude that X is contained in a supersoluble
U w xprojector E of G. Because G l E s 1 by 5; IV, 5.18 , we have that
U U Ž U . UG s H G l FK s H , a contradiction. Consequently X s G s FK
and then H s FD.
On the other hand, D is a quasi-normal subgroup of H. Hence
Ž . Ž Ž ..DrCore D is contained in Z HrCore D , the hypercenter ofH ‘ H
Ž . Ž Ž ..HrCore D by Proposition 3. Now, it is clear that Z HrCore D isH ‘ H
Ž .contained in the supersoluble hypercenter see preliminary results
Ž Ž .. Ž Ž ..Z HrCore D and Z HrCore D is the core of a supersolubleU H U H
Ž . w xnormalizer of HrCore D by 5; V, 2.4 . Consequently, for each super-H
Ž .soluble normalizer D of H, we have that DrCore D is contained in1 H
Ž . Ž . Ž .D Core D rCore D . This yields H s F Core D because F is a1 H H H
w x Usupersoluble normalizer of H, cf. 5; V. 4.2 . Hence H is contained in
Ž . Ž . wCore D . If Core D s 1, then H is supersoluble. Applying 1, Theo-H H
xrems 3.2 and 3.8 we have that G is supersoluble, a contradiction. So we
Ž . Ž .can assume Core D / 1. Then the normal closure of Core D in GH H
² Ž .k :coincides with Core D rk g K , which is a nontrivial normal sub-H
group of G contained in K. So we can find a minimal normal subgroup N
U U Ž .of G contained in K. Consequently, G s H N is contained in K and ii
holds.
Ž . Uiii Let M be a proper subgroup of G containing H. Then M s
H U.
Ž . ŽBecause M contains H it follows that M s H M l K . Then M, H, M l
.K is a mutually permutable 3-tuple because H l K is contained in
M l K. By minimality of G, we have that M U s H U.
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Ž . Ž .iv HF G is a proper subgroup of G.
Ž .Assume, arguing by contradiction, that G s HF G . Let M be a maximal
Ž . U U Ž .subgroup of G containing H. Then G s MF G and M s H by iii .
Suppose that GU is not contained in M. Then G s GUM. Because GU is
abelian, we have that H U s M U is a normal subgroup of G and then
U U Ž . UH s G by i , a contradiction. Consequently, G is contained in M. Let
U Ž .N be a minimal normal subgroup of G. Then N is contained in G by i .
Ž .Hence N is a minimal normal subgroup of M because F G centralizes
N. If N l M U s N, then N is contained in H U, giving a contradiction.
Consequently N l M U s 1 and so NM UrM U is a minimal normal sub-
group of MrM U. Because MrM U is supersoluble, it follows that N is
w xU-central in M and from here, N is U-central in G. By 5; V, 3.2 , N is
contained in every supersoluble normalizer of G. Let E be one of them.
Then G s GUE and GU l E s 1. So N F GU l E s 1, final contradic-
Ž .tion. So iv must hold.
THEOREM 1. Let the group G s HK be the product of the mutually
permutable subgroups H and K. If K is supersoluble and GX is nilpotent, then
H U s GU.
Ž .Proof. Let b be the class of all mutually permutable 3-tuples X, A, B1
such that B is supersoluble and X X is nilpotent. Then b is a subclass of1
b. So if G is a counterexample of minimal order to the theorem, then
Ž . Ž . Ui ] iv hold. In particular, there exists a prime p such that G is an
Ž . Ž . Xabelian p-group and F G s O G . Because G is nilpotent, we havep
that GX is a p-group. Let P be a Sylow p-subgroup of G such that GX F P.
Ž .Then P is a normal subgroup of G. Consequently, P s F G . Moreover,
Ž .HP is a proper subgroup of G by step iv .
Let M be a maximal subgroup of G containing HP. Then M U s H U
Ž . U Xby step iii . Hence P normalizes H . On the other hand, let K be ap
X Ž Ž .. XHall p -subgroup of K recall that G is soluble by step i . Then HK sp
ŽŽ . .XH H l K K is the product of the mutually permutable subgroups Hp
Ž . Ž Ž . .X X Xand H l K K . So HK , H, H l K K is a mutually permutablep p p
3-tuple in b . Hence if HK X is a proper subgroup of G, then H U s1 p
Ž .U UX XHK by minimality of G and K normalizes H . This implies that Kp p
normalizes H U and H U is a normal subgroup of G, a contradiction.
Therefore G s HK X and then P is contained in H. Consequently, GX isp
contained in H and H is a normal subgroup of G. In particular H U is a
normal subgroup of G. This is the final contradiction.
THEOREM 2. Let the group G s HK be the product of the mutually
permutable subgroups H and K. If K is nilpotent, then GU s H U.
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Ž .Proof. Let b be the class of all mutually permutable 3-tuples X, A, B2
such that B is nilpotent. Then b is a subclass of b. Therefore a minimal2
Ž . Ž .counterexample G satisfies i ] iv .
< <Assume that for every prime q dividing K and for every Sylow
q-subgroup Q of K, we have that HQ is a proper subgroup of G. Then
Ž Ž ..HQ, H, Q H l K is a mutually permutable 3-tuple in b . By minimality1
Ž .U U Uof G, it follows that HQ s H and so Q normalizes H . Because Q is
arbitrary, we have that K normalizes H U and H U is a normal subgroup of
U U Ž .G. This implies H s G by i , a contradiction. Consequently, there
< <exists a prime q dividing K such that G s HQ for some Sylow q-sub-
group Q of K.
< U < Ž Ž ..Suppose that q / p, where p is the prime dividing G see step i .
U Ž .Because H is contained in K by step ii and K is nilpotent, it follows
that Q centralizes H U and then H U is a normal subgroup of G, a
contradiction. Therefore q s p and G s HP , for P a Sylow p-subgroup1 1
Ž . Ž . Ž .of K. By i F G s O G . This means that D s H l K is a p-groupp
because D is a nilpotent subnormal subgroup of G. In particular, K s
P D s P and K is a p-group.1 1
< <Let r be the largest prime dividing G and let R be a Sylow r-subgroup
of G. Then RGU is a normal subgroup of G because GrGU is supersolu-
ble and RGUrGU is a Sylow r-subgroup of GrGU. Suppose that r / p.
Because G s HK and K is a p-group, we can assume that R is
contained in H. Let M be a maximal subgroup of G containing H. By
Ž . U U U Ž Ustep iii H s M and so G is contained in M in another case, H
. Uwould be a normal subgroup of G . Therefore RG is contained in M and
Ž U .U U U Ž U .URG is contained in M s H . If RG were different from 1, then
Ž U .U URG would be a nontrivial normal subgroup of G contained in H .
U U Ž .This would imply H s G by step i , giving a contradiction. Conse-
quently, RGU is supersoluble. But then R is a normal Sylow r-subgroup of
RGU. This implies that R is a normal subgroup of G. This is a contradic-
Ž . Ž .tion to the fact that F G s O G . Therefore p is the largest primep
< < Udividing G . Let P be a Sylow p-subgroup of G. Then G is contained in
Ž .P and so P is a normal subgroup of G. This yields P s F G and then
Ž . Ž .G s HF G . This contradicts step iv .
4. FINAL REMARK
The pre¤ious theorems are not true if the assumption K or GX nilpotent is
weakened to the one K supersoluble. Take for instance X s C , the cyclic5
group of order 5, and V an irreducible and faithful X-module over
Ž . w xGF 11 . Let Y s V X be the corresponding semidirect product. Applying
w x5; B, 11.7 , there exists W an irreducible and faithful Y-module over
MUTUALLY PERMUTABLE PRODUCTS OF FINITE GROUPS 377
Ž .GF 23 , such that the trivial X-module is a quotient module of W .X
w xw xDenote G s W V X to the semidirect product and consider the sub-
w x w xgroups H s W X and K s W V of G. Notice that G is the mutually
permutable product of the subgroups H and K. Moreover, H is not
a supersoluble subgroup of G because 5 does not divide 22. On the
other hand, by Clifford's theorem, K g U. Moreover H U - W. However
GU s W.
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